In this paper, the modified couple stress theory is used to capture size effect on dynamic behavior in a micro drill subjected to an axial load and a concentrated mass which is attached at its free end. Governing equations of lateral vibrations of the system and also associated boundary conditions are derived by obtaining the total kinetic and potential energies of the system and then using Hamilton's principle. The Assumed Modes method has been applied to transform the governing partial differential equations into a set of infinite ordinary differential equations. Considering two terms of the equations, first two natural frequencies and also instability rotational speeds of the micro drill system are determined semi-analytically. Finally, numerical results of natural frequencies and also the threshold of instability speeds of the system are presented with respect to different values of the system parameters such as rotational speed, axial load, rotor length, concentrated mass, and also material length scale. The results show that the material length scale parameter is extremely effective on natural frequencies and also the threshold of instability speeds of the micro drill.
Introduction
Recently, by the development of new technologies for manufacturing devices at small sizes (e.g. micron or sub-micron scales), manufacturing of many small size components for devices in the field of the micro-electro-mechanical systems (MEMS) is possible. For example, micro-engines and micro drills are two types of micro rotating equipment which can be used in industrial or biomedical applications [1] [2] [3] [4] [5] [6] . Generally, the rotational speed of the rotor in micro drills is very high and can reach to 60000 rpm in the micro drills [6] .
Therefore, determining the lateral vibrations behavior of the micro rotating machines is significant.
Some of the researchers investigated dynamic response of the micro rotating equipment in the field of MEMS based on the classical continuum mechanics theory [7, 8] . It is noted that capturing the size effect is not possible using the classical continuum mechanics theories.
Consideration of the size effect is a significant challenge in the study of the mechanical behavior of the micro structures. The size dependency of mechanical behavior of the materials in small sizes has been observed by experimental methods in metals and polymers [9] [10] [11] [12] [13] . The classical continuum mechanics theories are unable to explain and predict the mechanical behavior of the materials in small sizes. Therefore, some of the non-classical continuum theories such as strain gradient theory, couple stress theory, nonlocal elasticity theory, and surface elasticity theory have been introduced to capture the size effect in elastic deformation behavior for microstructures [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
In some non-classical continuum theories such as couple stress theory two material length scale parameters are used to describe the size effect in the mechanical behavior of materials. Yang et al. [16] proposed the Modified Couple Stress Theory (MCST) to explain 3 size dependency by using only one material length scale parameter. They introduced the effect of the moment of the couple, in addition to the classical equations of forces in the modified couple stress theory.
Again Mindlin [24] and Mindlin and Eshel [25] presented another form of higher-order continuum theory and also a general form of strain gradient elasticity theory to consider the size effect by using first and second gradients of the strain tensor in the strain energy density. By considering only first gradient of the strain tensor, Fleck and Hutchinson [26] have reformulated and modified Mindlin's suggested theory and have named it as Strain Gradient Theory (SGT). The strain gradient theory has some more terms of higher-order stress components in comparison to the couple stress theory. Then afterward, Lam et al. [27] proposed the Modified Strain Gradient Theory (MSGT) to predict the size effect in the mechanical behavior of materials by using only three constants of material length scale parameters.
However, the MCST has been employed by several researchers to study the size dependency of the static and dynamic mechanical behavior of materials in small size. For example, the modified couple stress theory has been used as a basic formulation to study size-dependent effect of static and dynamic behavior of linear and nonlinear micro beams [28] [29] [30] [31] [32] [33] [34] [35] , vibration response of rotating FGM micro beams [36] , static and dynamic behavior of rectangular and annular sector of microplates [37] [38] [39] [40] [41] [42] [43] [44] [45] , curved micro tubes [46] , and also micro/nano spherical shells [47] .
Vatankhah and Kahrobaiyan [48] studied vibration of a micro-resonator based on the MSGT, to capture size effect in the system. They modeled the micro-resonator as a clampedclamped micro-beam subjected to a tensile axial force with a concentrated mass attached to the micro beam. Lead-lag vibration characteristics of a rotating micro cantilever beam based on the MCST and both Euler-Bernoulli and Timoshenko beam theories studied by Dehrouyeh-Semnani et al. [49] . They used the finite element method to calculate natural frequencies of the system. Hashemi and Asghari [50] investigated lateral vibrations of an elastic micro-rotating shaft-disk system by considering small-scale effects based on the MCST. They considered a disk attached in the middle of a flexible micro rotating shaft and then by using the Galerkin approach, first two natural frequencies of the system were obtained with respect to different values of size scale parameter. In addition, there are several studies about dynamic response of overhung rotor systems based on the classical continuum mechanics theories [51, 52] .
According to the above literature review, there are no reported investigations about lateral vibrations behavior of a micro cantilever rotor system subjected to an axial load with a concentrated mass attached at its free end, which is called micro drill system to consider size dependency.
In the present article, according to a real dental drill which is used in the medical industry, a micro drill system is modeled to a micro cantilever rotor subjected to an axial load and with a concentrated mass attached at its free end, that can be used in future applications in medical industries. Then, the modified coupled stress theory is used to capture small-size effects in lateral vibrations behavior of the micro drill rotor system. After derivation of kinetic and potential energies of the system, governing equations of motion and associated boundary conditions are obtained using Hamilton's principle based on the MCST. After that, to reach semi-analytical results for lateral vibrations characteristics, the Assumed Modes method is employed to transform the governing equations into a set of infinite ordinary differential equations. First and second natural frequencies for both forward and backward whirling motions of the system and also rotational speed values, which causes instability, 5 are obtained. Finally, numerical results of the first two natural frequencies and also instability rotational speeds of the micro drill rotor are presented with respect to different values of the system parameters such as the material length scale parameter, rotational speed, axial load, rotor length, and concentrated mass which is attached at free end of the micro cantilever rotor. Figure 1 shows a real of dental or bone drill which is used in medical industries. In recent years, with the growth of new technologies for manufacturing devices at small sizes (e.g. micron scale), production of many components with small sizes in the field of the microelectro-mechanical systems (MEMS) are possible. Also, the rotational speed of the rotor in a micro drill is very high and can reach to 60000 rpm [6] .
Theory and Mathematical Equations

Modeling
In this study, the real dental drills in macro sizes were applied for modeling of micro-scale drills. The idea of micro drills can be considered as a future application in medical industries. Therefore, the micro drill system is modeled as a micro cantilever rotor with a concentrated mass attached at the free end of the rotor and is also subjected to an axial load, according 
The Modified Couple Stress Theory
6
The strain energy density for a linear elastic isotropic material based on the modified couple stress theory can be written as follows [16, 28] :
where corresponding work-conjugated stress can be expressed as follows:
where
In the above equations, 
Governing Equations of motion
According to 
Assuming small slope in the rotor after deformation, the non-zero components of strain and stress tensors can be expressed as follows:
It should be noted that for writing Eq. (8) 
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The strain energy s  of the system, without considering the effect of axial load P , can be determined as follows:
where V denotes volume, and A denotes cross section of the elastic rotor at point x . By substituting Eq. (10) into (11), strain energy of the system, without considering the effect of axial load P , can be obtained as follows: 
Also for the axial load P , strain energy of the system can be determined as follows:
where   Px is the axial load at any point x of cross section of the micro drill rotor. It should be noted that in this present paper,  
Px is equal to constant P .
Therefore, total strain energy of the system can be obtained as follows: 
Kinetic energy of the system T can be written as follows:
where r T is the kinetic energy of the elastic micro drill rotor, and M T is the kinetic energy of the concentrated mass M attached at the free end of the micro cantilever rotor. Also, we have [50, 55] :
where  , r , and r are density, position and velocity vectors of any particle on the micro elastic rotor, respectively. After substituting and to have some simplification, Eq. (17) can be written as follows [50, 55] :
where the dot over variables is the derivative of variable relative to time.
The kinetic energy of concentrated mass M can also be found as follows [55] :
where   
where T  ,  and W  are the virtual variation of kinetic energy, the virtual variation of strain energy and virtual work done by external non-conservative forces on the system, respectively. For the considered system without external forces, the W  is zero.
By substituting the Eqs. (15) and (16) into (20) , and then using variational calculus, governing equations of motion of the micro drill system can be derived as follows: 
In the above equations, R is radius of cross section,  is density, Ω is rotational speed of the micro drill rotor, and also l is the material length scale parameter which is dependent 11 on material property and can be determined by typical experiments such as the micro bend test.
It is noted that the terms
in governing Eqs. (21) and (22) show the rotational speed effect in the micro drill rotor system. In particular, in case Ω0  , Eqs. (21) and (22) will be decoupled and the lateral vibrations behavior of the system in and directions will be presented, respectively, without rotational speed.
Equations (21) and (22) 
Semi-Analytical Solution of the Governing Equations of Motion
In this section, the solution of Eqs. (21) and (22) with their boundary conditions in Eqs. (24) and (25) are considered. It is noted that longitudinal motion of the micro drill rotor system can be neglected besides its lateral motions. To solve the governing equations (21) and (22) 
By calculating the above integrals, the following set of infinite ordinary differential equations can be determined as follows for 1, 2, 3, n  : 
To calculate natural frequencies of the micro drill rotor system, time-dependent functions of 
For an approximation to calculate first two natural frequencies of the system, in the above equations, first two modes will be considered. For 1 n  and 2 n  , Eqs. (32) and (33) can be written in matrices form as follows: 
To have a non-zero solution for n V and n W in Eq. (34), the determinant of the coefficient matrix must be equal to zero. Therefore, the result can be written as follows 11 22 12 21 
Substituting Eqs. (35) and (36) into (37) and to have some simplification, the obtained result can be determined as follows: 
If the rotational speed of the micro drill rotor Ω surpasses a specific value, which is called threshold of instability speed, we will not have a real value for the natural frequencies, i.e., the system becomes unstable. According to Eq. (42), threshold of instability speeds of the system can be obtained as follows: 
Validation
The governing Eqs. (21) and (22) for lateral vibration of the micro drill system were derived analytically based on the MCST. In special case 0 l R  , for a macro system, the governing equations are simplified as
The Eqs. (44) and (45) are suitably compatible with the ones presented in References [51] and [55] . Also, for the case where 0 l R  and Ω0  (non-rotating drill), the governing Eq. 
The above equation is the typical formulation for the lateral vibration of the Euler-Bernoulli beam consisting of an attached point mass M at the free end under constant axial load P .
Moreover, according to Eq. (42), for the non-rotating drill ( Ω0  ) and buckling case, the first natural frequency has to be zero, it means 
In the macro system, the buckling load can be calculated from Eq. (49) for 0 l R  as follows:
The obtained buckling load is the same as the classical solution of a cantilever beam with the clamped-free boundary conditions.
Numerical Results and Discussion
In this section, the effects of size on the dynamic behavior of a micro drill rotor subjected to an axial load are studied and also some numerical results are presented.
For numerical analyses, following mechanical properties and geometrical data, Young's modulus . Obtained results in Fig. 3 show that first natural frequencies of the system for both forward and backward whirling motions will increase 21 with any increase of dimensionless material length scale parameter / lR . The above behavior for second natural frequency for both forward and backward whirling motions versus rotational speed of rotor Ω can also be seen in Fig. 4 .
Also, the first natural frequency for both forward and backward whirling motions for the micro drill rotor system versus axial load P has been presented in Fig increases.
The first natural frequency for the forward whirling motion of the micro drill rotor system versus dimensionless material length scale parameter / lR has been studied in Fig. 8, for different values of the rotor lengths at Ω 10000 rpm  and axial load 
Summary and Conclusion
A micro cantilever rotor subjected to an axial load and with a concentrated mass attached at the free end was considered for the modeling of a micro drill system which can be used in the future applications in medical industries. The dynamic behavior of a micro cantilever rotor system subjected to an axial load with a concentrated mass attached at the free end of the micro rotor was studied. To capture size effects and also to predict the dynamic 
